Out of thermal equilibrium state, the vacuum is unstable and evolves in time. Consequently, the annihilation operators associated with the unstable vacuum depend on time. This dissipative time-evolution of quantum systems can be systematically treated, within the canonical operator formalism referred to as non-equilibrium thermo-field dynamics. Given is an alternative route to derive the time-dependent annihilation operators within the formalism. As an example, time-dependent annihilation operators for the systems of bosonic and fermionic semi-free fields are derived.
Introduction
One of the basic frameworks used in treating dissipative quantum systems is given by the quantum Liouville equation (the quantum master equation) ∂ ∂t ρ(t) = −iLρ(t),
with the properties of the Liouville operator L,
and the condition of ρ(t) at the initial time t = 0: ρ † (0) = ρ(0) (see, e.g., [1] for studies of dissipative classical and quantum systems based on the Liouville equation or the Liouville-von Neumann equation). Note that L is a superoperator [2] , i.e., an operator acting on operators. The expectation value of an observable operator A is given by A t = tr Aρ(t) = tr Ae −iLt ρ(0) = tr e iLt Ae −iLt ρ(0) = tr A(t)ρ(0),
where the formal solution ρ(t) = e −iLt ρ(0) of (1) and the property (3) are used. The operator A(t) is defined by A(t) := e iLt Ae −iLt ,
and obeys the equation of motion,
where L(t) := e iLt Le −iLt = L. Equations (1)-(6) form a canonical operator formalism with the superoperator L being the infinitesimal time-evolution generator. Note that, in the case of non-dissipative systems, (1) reduces to the Liouville-von Neumann equation, i.e., the operation of L reduces to L • = [H, •] where H is a Hamiltonian. However, in the presence of dissipation, the operation of L is represented by a more complex entanglement of operators (see, e.g., [3] ). The entanglement of operators is usually eliminated by mapping the operator equation into a partial differential equation in a certain cnumber function space (see, e.g., [4, 3] ).
Within the framework of Non-Equilibrium Thermo-Field Dynamics (NETFD) [5] [6] [7] , the quantum Liouville equation (1) can be rewritten in the form of the Schrödinger equation (in the unit
by introducing two kinds of operators, non-tilde and tilde operators 1 . The Schrödinger equation (7) is free from the entanglement among operators appearing in (1) . The hat-HamiltonianĤ consists of non-tilde and tilde operators, and |0(t) is the ket-vacuum which contains the same amount of information as the density operator ρ(t) (see section 2). Note that non-tilde and tilde operators (and thereforeĤ) are not superoperators but just ordinary operators acting on the Fock space built on the vacuum |0(t) . Note also that the vacuum |0(t) within NETFD is unstable and dependent on time, the situation being quite different from the case in usual quantum field theory (QFT). One can introduce the annihilation operator γ t (γ t ) specified by γ t |0(t) = 0 (γ t |0(t) = 0) and the creation operator γ
is time-independent reflecting the fact that the bra-vacuum 1| is time-independent in NETFD, see section 2.] One can manipulate operator algebra such as the time-ordering or the normal-ordering with respect to γ t , γ
• , in a way similar to usual QFT. Thus, NETFD provides us with a canonical operator formalism for dissipative quantum systems which preserves most of the technical properties in usual QFT.
In this paper, we show an alternative route to derive the annihilation operators γ t andγ t . Conventionally, they were derived in relation to the time-dependent annihilation operators γ(t) andγ(t) for unstable physical particles which annihilate the initial vacuum |0 = |0(t = 0) , i.e., γ(t)|0 = 0 andγ(t)|0 = 0 [5] [6] [7] 9 ] (see appendix A). The alternative route is rather similar to the Bogoliubov transformation within usual QFT, i.e., a(θ) = U (θ)aU −1 (θ) induced by a unitary operator U (θ) with a parameter θ. The annihilation operators a and a(θ) define, respectively, vacua |0 and |0(θ) through the relations a|0 = 0 and a(θ)|0(θ) = 0 2 . When a system is out of thermal equilibrium state and the vacuum |0(t) is unstable, time t may play the role of the parameter θ.
We will see that a special treatment is required when the parameter θ turns out to be time t (see section 5 for details). This paper is organized as follows. In section 2, we briefly review the formalism of NETFD. In section 3, we show the general formulation of the alternative route to derive the annihilation operators associated with the unstable vacuum. In section 4, as an example, the annihilation operators for semi-free fields are derived through the route given in section 3. In section 5, we discuss the implication of the present derivation including its relation to the conventional one. The conventional derivation of the annihilation operators is given in appendix A.
Preliminaries

Basics of NETFD
Here we briefly review the formalism of NETFD in order to fix the notations 3 . Within the formalism of NETFD, any operator A is accompanied by its tilde conjugateÃ. The operators A andÃ are called, respectively, non-tilde operator and tilde operator. The tilde conjugation is defined by the following rules,
where A, A 1 and A 2 represent operators, and c 1 and c 2 c-numbers. The tilde operators and non-tilde operators are mutually (anti-)commutative at equal time:
where
, and σ is a real parameter given by σ := 1 (for bosonic operators) −1 (for fermionic operators)
.
The expectation value of an operator A at time t is given by
where 1| and |0(t) are, respectively, the thermal bra-vacuum and the thermal ket-vacuum. The vacua 1| and |0(t) are tilde invariant:
and are normalized as 1|0(t) = 1.
Tilde and non-tilde operators are related with each other through the thermal state condition
where τ is a complex parameter given by 
In NETFD, observable operators consist only of non-tilde operators. Needless to say that observable operators are bosonic and Hermitian. We can confirm that the expectation value of an observable operator A is real as
Here we remark that the relation between NETFD and the formalism with quantum Liouville equation (1) is given through the "principle of correspondence"
The time evolution of a system is described by the Schrödinger equation (7) within NETFD with the initial condition |0(t = 0) = |0 . (The equation (7) corresponds to (1) .) The infinitesimal time-evolution generatorĤ, called hat-Hamiltonian, satisfies the condition,
(The equation (21) corresponds to (2) .) Note that the operators satisfying the condition (21) are called tildian operators that are not necessarily Hermitian. The tildian hat-Hamiltonian has zero eigenvalue for the thermal bra-vacuum:
which ensures the conservation of probability (16). (The equation (22) corresponds to (3) .) The expectation value of an operator A can be written as
where we have used (22) and the formal solution
of (7) for the second equality. (The equation (23) corresponds to (4) .) The new operator
is the Heisenberg operator satisfying the Heisenberg equation,
withĤ(t) = e iĤtĤ e −iĤt =Ĥ. (The equations (25) and (26) correspond, respectively, to (5) and (6).)
Semi-free hat-Hamiltonian
where σ = 1(−1) for bosonic (fermionic) systems. Here, the subscripts i and j signify momentum, spin and/or other degrees of freedom. In what follows in this paper, we consider operators belonging to a specific index, say, i, and, therefore, suppress it for simplicity unless they are necessary. When a physical particle is subject to dissipation, it has a finite life-time. The field which corresponds to a particle with finite life-time is called a semi-free field. The hat-Hamiltonian for a semi-free field is given by [5] [6] [7] 12 ]
with time-independent real numbers ω and κ (> 0). 5 Note that the hat-Hamiltonian of the semi-free field is bilinear in a, a † ,ã andã † , and is invariant under the global phase transformation a → ae iφ with a real parameter φ. Note also that the hat-Hamiltonian satisfies the properties (21) and (22). The equation of motion for the one-particle distribution function
is given by d dt
In deriving (32), TSC (17) with A = a, i.e.,
is used. The equation (32) is solved, with the initial condition n(0) = n, to give
We see that n(t) relaxes ton ( 0) for t → ∞. Note that the information of the final state is included inĤ throughn.
Annihilation operators at the initial time
Let the initial ket-vacuum |0 = |0(t = 0) be specified by TSC
with a real number f . The relation between f and the initial one-particle distribution function n can be derived from two different expressions for the expectation 1|aã|0 :
and
These expressions yield
If the system is in thermal equilibrium with temperature T 0 at the initial time t = 0, then n is given by
which implies f = e −ω/T0 . The annihilation operators γ 0 (= γ t=0 ) andγ 0 (=γ t=0 ) associated with the initial vacua |0 (= |0(t = 0) ), and the creation operators γ
• associated with the bra-vacuum 1|, i.e., γ 0 |0 = 0,γ 0 |0 = 0, 1|γ
are given through the Bogoliubov transformation
and its tilde conjugate. They satisfy the canonical (anti-)commutation relations
As was indicated before, γ
• do not have a subscript indicating time. This is a manifestation of the fact that 1| does not depend on time.
Annihilation operators associated with the unstable vacuum
Let {γ
be a set of annihilation and creation operators associated with the initial vacua |0 and 1|:
[γ
Equations (40) and (42) correspond to M = 2 with
Here, we proceed with M being an arbitrary positive integer.
Let us start the discussion with the hat-Hamiltonian for a semi-free field:
written in the form of the normal-ordering with respect to the creation and annihilation operators. Here, g ij k are time-independent c-numbers. We are adopting here the summation rule for repeated indices unless otherwise stated.
Our purpose is to find the set of annihilation operators γ (i) t associated with the vacuum |0(t) at time t specified by
Here, the vacuum |0(t) is the solution of the Schrödinger equation (7) with the hat-Hamiltonian (47).
Let us introduce "Heisenberg operators" associated with the operators γ (i) s and γ
Note that "Heisenberg operator" γ (48)).
Using the first equations in (43) and (50), we have
Thus, we notice that the M operators γ 
where C ij (t) (i, j = 1, · · · , M ) are time-dependent c-number functions. It is easy to check that γ [γ
Now, the second equation of (43) can be rewritten in terms of the second operator in (50) as 0 = 1|γ
At the second equality, (22) has been used. The creation operator γ
In virtue of the bilinear form (47) ofĤ, γ can be a member of the linear combination, that is,
where F ji (t) (i, j = 1, · · · , M ) are time-dependent c-number functions. Let F (t) denote M × M matrix whose (i, j)-element is given by F ij (t), and F (t) −1 is the inverse matrix of F (t). Then, we have γ
For the first equation in (49) to be satisfied, it is required that
which leads us to
In deriving (58), we have used (44), (52) and (57). Substituting (59) into (52), we finally arrive at the desired annihilation operators in the form
Here, F (−t) ij is given through (56), and γ 
Example: Semi-free fields
Let us consider the case whenĤ is the semi-free hat-Hamiltonian given by (28) with (29) and (30). The number of the sets of annihilation and creation operators M is 2 and the annihilation and creation operators are given by (46). By using inverse transformation of (41),Ĥ S in (29) and Π in (30) can be written in terms of γ 0 , γ
The "Heisenberg equations" for γ 0 (t) and γ
and are solved with the initial condition γ 0 (0) = γ 0 and γ
Equation (67) implies γ
with
From (60), (66) and (69), we obtain γ t andγ t as
τ σγ
By using (34), (41) and (70), γ t and γ +
• can be expressed in terms of a, a † ,ã andã † as
(and its tilde conjugate), which is a time-dependent Bogoliubov transformation. The time-dependent Bogoliubov transformation was first obtained in a slightly different form in [5] [6] [7] . We have derived the transformation following the new route given above.
Using (34), (62), (63) and (70), we can rewriteĤ S andΠ in terms of γ t , γ
By substituting (28) with (72) and (73) into the Schrödinger equation (7), we have
where we used (32). The solution is given by
This expression, which was first obtained in [9] , implies that the time evolution of the unstable vacuum |0(t) can be interpreted as the condensation of γ
• -pairs into the vacuum.
Discussion
In this paper, we presented an alternative route of deriving the set of annihilation operators {γ
at time t satisfying (48), γ (i) t |0(t) = 0, starting with the set of annihilation operators {γ
at the initial time t = 0 satisfying the first equation in (43), γ (i) 0 |0 = 0, under the condition that the vacuums |0(t) and |0 are related with each other by (24), |0(t) = e −iĤt |0 . This setup of the problem reminds us of the path in QFT to derive the annihilation operators parameterized by a real number θ through a unitary operator U (θ). Let |0 be a vacuum that is annihilated by the annihilation operator a, i.e., a|0 = 0. The procedure
gives the new annihilation operator
that annihilates the new vacuum
Note that (51) is quite similar to (76) when U (θ) is replaced by e −iĤt , a by γ
and a(θ) by γ (i) 0 (−t). This formal similarity is due to the fact that both QFT and NETFD form canonical operator formalisms. Note also that the operator γ t . This is a reflection of the fact that the bra-vacuum 1| in NETFD is independent of time. It follows that the creation operators γ Substituting a,ã † and their tilde conjugates, given by the inverse transformation of (81), into TSCs (33) and (35), we obtain 1| −τ σa(t) +ã † † (t) = 0, (1 + σn(t))a(t) − τ σn(t)ã † † (t) |0 = 0,
where we have used (34). Hence, we find the annihilation operators γ(t) andγ(t) and the creation operators γ 
through the time-dependent Bogoliubov transformation
and its tilde conjugate. The annihilation operators γ t andγ t and the creation operators γ
• associated with the vacua |0(t) and 1| specified by γ t |0(t) = 0,γ t |0(t) = 0, 1|γ
are derived from (84) with the relations γ(t) = e iĤt γ t e −iĤt ,γ(t) = e iĤtγ t e −iĤt , 
